It is common for dispersion curves of damped periodic materials to be based on real frequencies versus complex wavenumbers or, conversely, real wavenumbers versus complex frequencies. The former condition corresponds to harmonic wave motion where a driving frequency is prescribed and where attenuation due to dissipation takes place only in space alongside spatial attenuation due to Bragg scattering. The latter condition, on the other hand, relates to free wave motion admitting attenuation due to energy loss only in time while spatial attenuation due to Bragg scattering also takes place. Here, we develop an algorithm for 1D systems that provides dispersion curves for damped free wave motion based on frequencies and wavenumbers that are permitted to be simultaneously complex. This represents a generalized application of Bloch's theorem and produces a dispersion band structure that fully describes all attenuation mechanisms, in space and in time. The algorithm is applied to a viscously damped mass-in-mass metamaterial exhibiting local resonance. A frequency-dependent effective mass for this damped infinite chain is also obtained.
In the 'driven waves' path, a real frequency is prescribed and the underlying EVP is solved for a corresponding pair of real and imaginary wavenumbers, representing propagation and attenuation constants, respectively. All modes are described by complex wavenumbers due to the dissipation. In the 'free waves' path, on the other hand, a real wavenumber is specified, and complex frequencies emerge as the solution (the real and imaginary parts respectively provide the loss factor and the frequency for each mode). Because of the common association of the driven waves problem to an EVP for which the frequency is the independent variable and, in contrast, the free waves problem to an EVP for which the wavenumber is the independent variable, it is often viewed that the two only available options are: real frequencies and complex wavenumbers versus real wavenumbers and complex frequencies [42] [43] [44] . However, if the medium permits spatial attenuation in its undamped state−which is the case for phononic materials within band-gap frequencies−then, in principle, there should be an imaginary wavenumber component (in addition to the real wavenumber component) even when the frequencies are complex. This, in fact, represents a more complete picture of the dispersion curves for damped free wave motion in media that contain inherent mechanisms for spatial attenuation, such as Bragg scattering and local resonance. Since this scenario pertains only to free waves, one expects to see complex frequencies for bands admitting only spatial propagation as well as bands admitting evanescent waves (with the real part of the wavenumber being either zero or π divided by the lattice spacing−the two values that represent the limits of the irreducible Brillouin zone). For a proportionally damped problem, a solution that permits both the frequencies and wavenumbers to be complex has been obtained using the transfer matrix method which gives a κ = κ(ω) linear EVP [45] . For a generally damped problem, however, an all-complex solution cannot be obtained from a linear EVP, nor from directly solving a quadratic EVP.
In this paper, we consider damped free motion in 1D systems and provide an algorithm−based on a quadratic EVP−that provides the dispersion curves and damping ratio constants for both spatially propagating and attenuating waves. As an example, we focus on a viscously damped mass-in-mass chain representing a locally resonant acoustic/elastic metamaterial [46] . With a complex wavenumbers-complex frequencies band structure at hand, we also compute a frequency-dependent effective mass. In the absence of dissipation, this effective mass is real and negative in the region of the band gap. As damping alters the dispersion characteristics, we observe the effective mass to transition to complex form and its region of negativity diminishes as the intensity of the damping increases.
II. THEORY: DISPERSION RELATIONS
We consider a nested 1D lumped parameter mass-spring-dashpot model similar to what is investigated in Ref. [46] . Infinite in extent, a model of a locally resonant acoustic/elastic metamaterial is constructed by appending copies ad infinitum of the unit cell depicted in Fig. 1a along the line of motion. Prior to application of boundary conditions, there are three degrees of freedom (DOF) in this unit cell with u L , u 1 , and u 2 denoting the displacement of the left and right cell boundaries and an internal DOF, respectively. Each of these have an associated mass: m L = 0, m 1 , and m 2 . On the boundaries, the forces f L and f 1 apply. Springs with stiffness k and dashpots with viscosity c connect the DOFs.
Balancing all dynamic forces, the motion of each DOF in Fig. 1a is described by the following equations:
Together, Eqs. (1) may be assembled into a system of equations
where M, C, and K are the assembled mass, damping, and stiffness matrices, respectively. Collecting and arranging the nodal displacements u
, allows the mass, damping, and stiffness matrices to be defined as follows: where we utilize the ratios r m = m 2 /m 1 , r c = c 2 /c 1 , and r k = k 2 /k 1 to write the matrices in terms of the resonator parameters. Dividing by m 2 , the system in Eq. (2) is written as
where β = c 2 /m 2 is a measure of damping intensity (which varies with c 2 ,) and ω 2 0 = k 2 /m 2 is the resonance frequency. In the periodic material, u L is tied to u 1 of the previous unit cell; likewise, u 1 is tied to u L of the subsequent unit cell. For the material to support Bloch wave propagation, the displacements at the boundaries are related according to u L = e −iκa u 1 . If we define the essential set of displacements asū T = [u b u i ] (u b gathers the essential boundary displacements and u i collects all the internal displacements), then the complete set of displacements may be written in terms ofū and the translational operator T as follows:
Given u b = u 1 and u i = u 2 ,
The Bloch boundary condition is applied via the matrix T. Substituting Eq. (5) into Eq. (4) and premultiplying by T * (the conjugate transpose of T), we arrive at
whereM
Equilibrium in the region between unit cells leads to T * f = 0 [47] . For general wave motion, a displacement solution takes the formū =ũe λt . For driven waves, λ = −iω, while for free waves, λ is generally complex and yet to be determined. Applying this solution form to Eq. (7) yields
which, upon simplification, gives the following quadratic matrix relationship for a non-trivial solution:
where A = 1/ω 2 0K −1
rCr . This formulation may proceed along two paths resulting in either generalized frequency solutions, λ(κ), or generalized wavenumber solutions, κ(λ).
II.1. Frequency Solutions from Linear Eigenvalue Problem
In the case of a prescribed, real-valued wavenumber, the matrices in Eq. (7) are written explicitly as follows:
In general,C r is not simultaneously diagonalizable withM r and/orK r [21] except if specific conditions are met to allow for a Rayleigh damping model [22] [23] [24] . Reference [39] has conveniently considered the Rayleigh damping scenario and demonstrated that dissipation, especially when intense, can generate unique phenomena in the band structure such as branch overtaking and wavenumber cut-offs and cut-ons. Additional analysis on the effects of damping on the band structure, including in generally damped models, is offered in Ref. [41] .
Presently, Eq. (9) represents a nonlinear eigenvalue problem. In order to recover a linear form, we first apply a state-space transformation to Eq. (7) [40] 
. Assuming a state-space solution y =ỹe λt , whereỹ is a complex wave amplitude vector, we formulate the following generalized linear eigenvalue problem in λ:
The associated characteristic equation takes the form
where
In general, the solutions s = 1, n (where n is equal to the number of DOF) to Eq. (14) are complex and take the form
Specifically, ω d (κ) is the damped wave frequency and ξ(κ)ω r (κ) is the temporal rate of decay of the wave amplitude. The quantity ξ(κ) is the dimensionless damping ratio (loss factor) and ω r (κ) is referred to as the "resonant frequency". Explicitly, retaining the solutions for which Im[λ s ] ≥ 0, the damped frequency relation for branch s is
and the complementary wavenumber-dependent damping ratio relation is
II.2. Wavenumber Solutions from Quadratic Eigenvalue Problem
The preceding linear eigenvalue formulation is applicable only for prescribed, real-valued wavenumbers, κ = κ R . In general, however, the wavenumber is complex regardless if we are considering driven waves or free waves, as explained in Section I. The wavenumber in complex form is expressed as κ = κ R + iκ I , with κ R representing the wave spatial oscillation and κ I representing the spatial amplitude decay. In order to determine these quantities for a wave of a given frequency, λ, the problem must be reformulated to deliver wavenumber solutions in exchange.
In Eq. (9), we leave the value of the wavenumber (and, therefore, γ) to be determined. Taking the determinate of the coefficient matrix in Eq. (9), the characteristic equation in γ takes the following quadratic form:
whereÂ = 1,B =B 1 /B 2 and
Upon solving for γ, κ R and κ I are extracted as follows:
In the absence of energy dissipation, λ = iω, where ω is a real number representing the wave frequency, and κ is obtained directly by solving Eq. (19) for a given value of ω. In the presence of energy dissipation, κ is obtained also directly by solving Eq. (19) for waves with a prescribed frequency, ω, i.e., driven waves. However, for free waves, energy dissipation results in the frequency being complex, as is the wavenumber, as discussed above. Thus the frequencies take the form λ = −ξω r + iω d .
From earlier work on viscous problems, e.g., [40] , we understand that damped, free wave propagation produces two band diagrams representing the real and imaginary components of the frequency, respectively. Additionally, for locally resonant metamaterials, each free waves band diagram can be divided into band segments featuring only propagating waves (i.e., purely real wavenumbers) and band segments featuring evanescent waves. In the latter case, there are two possible subsegments: one with complex wavenumbers and one with purely imaginary wavenumbers, both of which take place only within a band gap. In a subsegment where the wavenumber is complex, the real part is equal to π/a. Thus a band gap bounded by pass bands from the bottom and the top has a subsegment where κ R = 0 and a subsegment where κ R = π/a, as illustrated in Fig. 2b . Following the state-space ω = ω(κ) formulation in Sec. II.1, the propagating segments are readily obtained [40] . However, a complete solution featuring all available imaginary wavenumbers is not possible with this formulation.
We approach this problem also by using Eq. (19) . However, a unique combination of the real and imaginary components of λ does not exist without constraints. Following from the above discussion, a free wave does not allow any propagating component (other than κ R = π/a) to exist inside a band gap. Thus a damped, free wave at a particular frequency is either outside a band gap and is purely propagating or inside a band gap and is evanescent. Based on these characteristics, we develop an algorithm to find the (ξ, ω d ) pair that satisfies Eq. (19) with κ I > 0 which gives us the attenuation constant inside band gaps. The propagating portion of the band structure on the other hand is easily determined from Eqs. (17) and (18) . Nevertheless, the algorithm may be readily modified to determine the propagating part of the band structure as well. Although this procedure is developed following a quadratic eigenvalue formulation, a similar algorithm based on a linear formulation is a subject for future research.
Algorithm for all-complex band structure for free waves:
This algorithm is specific to the evanescent part of the band structure. 6. Set a target value for κ I (maintaining that κ I > 0) and a target κ R = 0, π.
7.
Of the λ i,j that produce κ I,i,j within tolerance of the target κ I , retain the one or more λ i,j that correspond to κ R,i,j closest to the target κ R .
8. Extract ω d,i,j and ξ i,j from the retained λ i,j using Eqs. (17) and (18), respectively.
9. Repeat steps 6-8 for different target κ I > 0 until the evanescent band structure is constructed.
The outcome of the above algorithm is an approximation of the evanescent frequencies and the damping ratios for a particular damping intensity. In addition to setting up a finer grid over the λ R -ω d domain for a better approximation of λ i,j , a more clear picture of the evanescent band structure obviously results from decreasing the separation between subsequent target κ I values.
Damping Ratio, Figure 3 gives a visual example of an application of the algorithm for a specific set of material parameters (r m = 9, r c = 1, r k = 1/10, ω 0 = 149.07 rad/s and β/ω 0 = 0.2). Shown later in Figs. 4b and 4c are the band-gap ranges used to bound the λ I -λ R domain for this example. In the closed, discretized λ R -λ I domain of Figure 3a , we isolate the set of points that satisfy, separately, the conditions (targets) κ I a = 0.19 and κ R a ≈ 0. At the intersection of the κ I a = 0.19 and κ R a ≈ 0 loci is the λ i,j value which is retained as an approximate solution. The intersection moves along the κ R a ≈ 0 curve for each new target κ I a, generating new λ i,j approximations which ultimately construct the evanescent frequency and damping ratio band diagrams over the range of the targeted κ I values. More than one physical solution may exist for a given κ I . To validate the algorithm, we examine the κ I values corresponding to the uppermost band gap, which for an undamped system is practically unbounded (see Fig. 2a ). This upper branch is unique in that it may be obtained by both the state-space ω = ω(κ) formulation given in Sec. II.1 (as demonstrated in Ref. [40] ) as well as by the algorithm. Both independent routes yield the same κ I values for any level of damping intensity. Figure 1b shows the equivalent lattice model, which we require to exhibit the same dynamic behavior as the original nested-mass model. The equivalent lattice model has the same construction as the original metamaterial (i.e., k 1 and c 1 are the same) except the motion of the internal resonator is considered unobservable, although its influence is accounted for by m e , the effective mass. The value m e varies with frequency, satisfying its own dynamic equilibrium, and concurrently matching the complex frequency of the original mass-in-mass metamaterial. This concept was also applied in Ref. [48] where a rigid bar conceal periodically distributed internal resonators. Expectedly, at low frequencies, the value of m e converges to the static value, m st = m 1 + m 2 . The terms "static" and "nominal" are used to indicate values attained in the long-wavelength limit.
III. THEORY: EQUIVALENT MASS MODEL
The equation of motion for each degree of freedom in the equivalent lattice model (Fig. 1b) is given by:
Assembling Eqs. (22) into a system of equations as in Eq. (2), the mass, damping, and stiffness matrices are defined as follows:
with the nodal displacements and forces organized as
, respectively. The essential set of displacements is simplyū = u e . Assuming a real-valued wavenumber, we apply the Bloch boundary conditions through
. This leads to
(1 + r m )m r r mü e + 2(1 − cos κa)
in which the effective mass ratio has been normalized by the static mass, m r = m e /m st , and the previously defined ratios r m , r c , r k , β, and ω 2 0 have been taken advantage of. Applying the harmonic displacement solution u e =ũ e e λt , Eq. (24) gives
however, in preparation for substitution, Eq. (25) is algebraically manipulated into the following form:
Now, we tie the dynamic characteristics of the equivalent model to the original metamaterial model by simultaneously substituting Eq. (26) into Eqs. (11b) and (11c).
Using these new matrix definitions for the damping and stiffness matrices, we proceed with Bloch state-space treatment. This process delivers the following characteristic equation:
which we subsequently solve for m r (λ):
The quantity m r (λ) is evaluated for the damped free waves problem by substituting λ with the values obtained from the solution of Eq. (14) and the execution of the algorithm.
IV. NUMERICAL EXAMPLES
In this section, we present a suite of numerical examples to demonstrate all-complex band structures for damped free wave propagation. The examples are for the mass-in-mass metamaterial model shown in Fig. 1a , which allows us to examine, in a general manner, the role of dissipation in acoustic/elastic metamaterials, both in terms of the dispersion curves and the effective mass. The damping intensity is varied to give a broad representation of dissipative effects. The same set of material parameters used for the Fig. 3 demonstration is used here as an example for our exposition. These parameters are consistent with the relatively high material contrast characteristic of metamaterials and are similar to those selected in Ref. [40] thus providing an opportunity for direct comparison with some of the results presented in that publication. As a consequence of the unit cell's two-DOF character, in the undamped case (β/ω 0 = 0), there are two modes of wave propagation comprising an acoustical (lower) branch and an optical (upper) branch. These are shown in the dispersion band diagrams in Fig. 4 . Separating the two branches, there is a resonance-induced band-gap region where κ R = 0, π and κ I > 0 describing evanescent modes for which waves do not propagate and their amplitudes spatially decay at rates dictated by the value of κ I . In addition to a closed band-gap region, an unbounded region of evanescent modes exists above the optical branch. For compact presentation, we plot the imaginary wavenumbers within the range κ I a ∈ [0, π]. Without an algorithm, a band diagram with complex wavenumbers can only be determined for damped waves with prescribed real frequencies, that is, κ = κ(λ = 0 + iω) (Fig. 4a) . In this scenario, the band gap closes and becomes progressively more obscure with greater damping intensity. Alternatively, the complex frequencies of damped free waves can only be directly calculated for λ = λ(κ = κ R + i0) (Fig. 4b) . The frequency band gaps for free waves are shown to shift but remain intact with increased damping intensity. At extreme damping levels, however, branch overtakings and cut-offs and/or cut-ins are observed to take place. Figure 4 contrasts each of these "either/or" scenarios for various values of β/ω 0 . A complete band structure description featuring generally a complex λ and a complex κ is made possible by the algorithm presented in Section II.2. Now, we apply the algorithm and present the resulting all-complex band structure in Fig. 5 . This band structure is, by definition, for the damped free waves case. Inspection of the effects of damping can now be done for both the propagating and evanescent modes. We note an intense responsiveness from the optical branch and the upper portion of the evanescent curves to increases in dissipation, in contrast to the still significant but milder effects on the acoustical branch and the lower portion of the evanescent curves. As damping increases, the concavity of the optical branch in Fig. 5a changes. This points to a damping-induced change in the sign of the wave group velocity from positive (longer wavelengths) to negative (shorter wavelengths). In addition, as mentioned above, the more rapid decent of the optical branch compared to the acoustical branch closes the band gap and inevitably leads to branch overtaking. Thus the optical and acoustical modes exchange order in the frequency spectrum over specific wavenumber values. Similarly in the evanescent modes, damping will induce a change in concavity in the upper portion of the κ I curves. One interesting aspect of the behavior displayed in Fig. 5b is that the damping ratio of the lower, non-propagating portion of the evanescent curves appears to peak at approximately κ I a ≈ 0.25 regardless of the level of damping.

We turn to the effective mass, which is shown by Eq. (29) to be frequency dependent. Without damping, the effective mass approaches its static value in the long wavelength limit (κ, λ → 0), as expected. That is, m r → 1 in the long wavelength limit, indicating that m e → m st . Several studies have shown the effective mass to become negative over a frequency range in the region of the band gap, e.g., Refs. [46, 49] . Here and in Refs. [39, 40] , we see that viscous damping narrows and eventually closes the band gap. Thus the natural question is: how does damping affect the effective mass? This question is addressed by using Eq. (29) with the complex frequencies determined by the algorithm in Sec. II.2. Figure 6 shows that damping acts to narrow the frequency region at which the effective mass is negative. Also shown is that in the presence of damping, increasing r m widens this frequency region up to a point after which the effect abruptly reverses and the region narrows. We observe that damping causes the effective mass to separate into real and imaginary components, as presented in Figs. 6a and 6b , respectively, and still displays negativity over certain frequency ranges. In Fig. 6a , regardless of the damping intensity, the value of the real component of the effective mass converges to that of the static mass as λ → 0. As expected, the imaginary component of the effective mass (Fig. 6b) is zero under the same condition. In  Figs. 6a and 6b , the dashed vertical lines are the asymptotes of, respectively, the real and imaginary components of the normalized effective mass obtained by setting the denominator of Eq. (29) equal to zero and solving for the frequency for the chosen value of r m . In the undamped case, this marks the bifurcation κ R a experiences as the wave frequency crosses the resonance frequency from below (in the band gap, κ R a = π switches to κ R a = 0), but such a correlation cannot be made in the presence of damping. As seen in Fig. 5 , overdamping causes portions of the band structure to collapse to ω d /ω 0 = 0 (even far from the long wavelength limit). Consequently, in the frequency dependent m r diagram of Fig. 6a , m e converges to m st at one instance of ω d = 0 (long wavelength limit) but tends toward another value at a separate instance of ω d /ω 0 = 0 (effect of damping). We also observe that at high damping, there are no longer any frequencies in which the effective mass is only negative. Although the closure of the frequency region of negative effective mass may be difficult to distinguish for some damping scenarios in Fig. 6a , the effect is made clear in Fig. 6c .
The metamaterial considered in our model relies on a massive internal resonator to produce a negative effective mass. In Fig. 6c , we illustrate the importance of the internal resonator by varying r m , which has the effect of changing the mass of m 1 while keeping all other material parameters constant. The solid curves in Fig. 6c are produced by setting Eq. (29) equal to zero and solving for the complex λ(r m ). The frequency at which the effective mass becomes zero marks the frequency at which there is a sign change in the value of the effective mass for both the real and imaginary components. The dashed curves in Fig. 6c represent the asymptotes and are the result of setting the denominator of Eq. (29) equal to zero and solving for the complex λ(r m ). These two curves bound the frequency ranges where Re[m r ] < 0. When r m 1, that is, when m 1 m 2 , the effect of the internal resonator diminishes and the identity of our metamaterial becomes ambiguous as it approaches the dynamic behavior of an ordinary phononic crystal. Consequently, in Fig. 6c , as m 2 loses influence, the frequency region over which the effective mass is negative shrinks to near nonexistence.
V. CONCLUSIONS
In this work, we investigated the notion that damped free waves are in principle governed by a dispersion relation in which both the frequency and the wavenumber are generally complex, not only one or the other being complex as commonly assumed. An algorithm based on a κ = κ(λ) formulation, guided by first solving the λ = λ(κ = κ R + i0) problem, was presented for 1D periodic chains. The algorithm was applied to a mass-in-mass unit cell representing a viscously damped locally resonant acoustic/elastic metamaterial. This analysis allows one to examine the effects of damping not only on the propagating modes of free waves, but also on the evanescent modes. For both mode sets, the effects of damping appear in both the frequency and the damping ratio band diagrams. A dynamic effective mass for the damped metamaterial model was also calculated and was shown to exhibit negative values over a frequency region near the band gap, as in the undamped case. However, for relatively high levels of damping, no frequencies are found in which the effective mass is only negative. Future work will explore multi-dimensional systems and the effects of other types of damping, e.g., nonviscous damping, in the context of the generalized, all-complex Bloch formulation presented in this paper.
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